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of the principal ways nations are responding to the COVID-19 pandemic is by lock
n portions of their economies to reduce infectious spread. This is expensive in terms of
, lost economic productivity, and lost freedoms. So it is of interest to ask: What is
mal intensity with which to lockdown, and how should that intensity vary dynamically o
course of an epidemic? This paper explores such questions with an optimal control mo
recognizes the particular risks when infection rates surge beyond the healthcare syste
city to deliver appropriate care. The analysis shows that four broad strategies eme
ing from brief lockdowns that only “smooth the curve” to sustained lockdowns that p
infections from spiking beyond the healthcare system’s capacity. Within this model
be optimal to have two separate periods of locking down, so returning to a lockdown a
al restrictions have been lifted is not necessarily a sign of failure. Relatively small chan
dgments about how to balance health and economic harms can alter dramatically wh
tegy prevails. Indeed, there are constellations of parameters for which two or even th
ese distinct strategies can all perform equally well for the same set of initial conditio
e correspond to so-called triple Skiba points. The performance of trajectories can be hig
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Journal Pre-proofd be low, medium, or high, but not anywhere in between. These complex dynamics eme
rally from modeling the COVID-19 epidemic and suggest a degree of humility in po
tes. Even people who share a common understanding of the problem’s economics and
iology can prefer dramatically different policies. Conversely, favoring very different poli
t evidence that there are fundamental disagreements.
words: COVID-19, Lockdown, Skiba threshold, SIR model, optimal control
codes: C61, I15
ntroduction
central strategy for responding to the COVID-19 pandemic is “locking down” parts of
omy to reduce social interaction and, hence, contagious transmission. Multiple count
started aggressively, locking down all but essential services such as healthcare and pu
y, and then gradually re-opened increasing shares of the economy. Re-opening has b
pted both by progress in pushing down infection rates and also “lockdown fatigue”
h the public’s cooperation wanes when lockdowns are perceived of as having gone on
. Some regions and countries have then seen infection rates rebound and returned t
wed lockdown, sometimes more severe sometimes less severe than the first. Some pla
suffered such widespread infection that a nontrivial proportion of the population has pas
ugh infection to reach a “recovered state”, although there is uncertainty as to whether
lting immunity is brief (as with seasonal flu) or long-lasting (as with chicken pox).
ll of these considerations raise the challenging question of what is the optimal degree
h a country should lock down, and how that intensity should vary as the state of the
ic evolves. We try to address that problem with an optimal control model. The heart of
el is a classic SIR or Susceptible-Infected-Recovered differential equation model, but it is
ed in several ways. For example, the lethality of the infection varies depending on whet
e are so many simultaneous infections that critical care capacity has been swamped. T
t fundamental extension, though, is creating an objective function that balances three c
rations: (1) Health harms (primarily COVID-related deaths), (2) Economic harm (prima
unemployment), and (3) Adjustment costs, meaning that sharp oscillations in the int
of the lockdown are costly because it becomes hard for people and businesses to constan
t to changing rules.










































Journal Pre-prooflevel of employment or economic activity is treated as a state variable, and the contro
stments to that level, with asymmetric costs reflecting that it is easier to destroy than
te jobs. Another innovation is that public discontent with the duration and intensity of
down is represented by a fifth state variable that can enter the objective function dire
also modulate compliance with social distancing demands and, hence, the rate of infect
he solutions are complex and span a range of qualitatively different strategies, such as lo
own sufficiently long and forcefully to drive infection rates down to very low levels and
other extreme, locking down only sparingly to merely soften the peak of infections, with
sparing most of the public from infection. Which strategy wins – in the sense of deliver
lowest overall total cost – depends on the various parameter values in predictable ways,
e are constellations of parameters for which multiple qualitatively different strategies m
orm equally well, even though those strategies are very different. These tipping points h
variously called Skiba, Sethi-Skiba, DNS, and DNSS points to celebrate the contributi
rious pioneers in the field.
nterestingly in this model there are not only conventional Skiba points separating
nate optimal strategies, but also “triple Skiba points” separating three different equ
aling strategies, and even instances in which there are multiple triple Skiba points in
e bifurcation diagram.
mportantly, there are Skiba thresholds depending on parameters that are either not kno
tifically or that reflect value judgments (such as how to trade off saving lives with creat
). Hence, one meta-message of this analysis is that when two countries or two peo
r sharply different policies, that does not imply that they must have sharply differ
erstandings of the disease, its contagious spread, or even the extent of economic dislocat
downs create. Preferences for sharply different policies does not imply there need for sh
greements. Hence, a degree of humility and generosity may be appropriate when talk
people who favor very different policies.
his even extends to the number of lockdowns. Sometimes it appears that the optimal so
involves locking down, ending the lockdown and reinstituting it, sometimes with the sec
down being more severe than the first. Hence, if a country endures a second lockdown, t
ot be taken as proof that the first lockdown “failed”, or that policymakers made mista
here is now a growing literature on COVID-19 and its economic consequences related











































Journal Pre-proofe exceptions. Starting from the simple epidemiological SIR model, Gonzalez-Eiras
elt (2020) investigate the optimal lockdown intensity and duration taking into acco
tradeoff between health and economic consequences of the lockdown. Alvarez et al. (20
larly employ a standard SIR model where they control the fraction of the population go
lockdown. The model is derived with and without testing as a control variable. If test
cluded, the optimal lockdown in the US should be started one week after the outbreak
virus and be relaxed after one month. The absence of testing shortens the optimal lengt
lockdown, which is due to the dynamics of the epidemiology, i.e. the fraction of recove
le over time increases, implying that the efficiency of the lockdown decreases since a
vered people are locked down.
öhler et al. (2020) analyze the impact of measures like social distancing which reduce
tion rate. The paper distinguishes between different groups of infected, and assumes t
ortality rate depends on the capacity of the health system. The objective is to minimize
ber of fatalities, but the authors take the societal and economic costs of the policy measu
account by means of requiring these costs not to exceed the costs of some baseline pol
andle uncertainties, they promote a model predictive control based feedback strategy wh
policy measures are updated at discrete points in time.
cemoglu et al. (2020) allow the intensity of the lockdown to differ for different age-grou
nguishing between “young”, “middle-aged” and “old” populations, in a SIR model.
model, differentiated policy measures significantly outperform optimal uniform polic
gains can be realized by having stricter policies on the oldest age-group. Aspri et
0) consider a SEIRD model, where the population is divided into susceptibles, exposed
ptomatic, infected, recovered and deceased, and obtain multiple lockdowns as well as Sk
ts.
aulkins et al. (2020) adds to this literature by considering the limited capacity constra
tensive care units within the health care system. If the number of infected people need
sive care exceeds the constraint the death rate of these patients increases relative to sim
viduals who are able to receive appropriate care. However, the modeling of lockdowns
simple, optimizing only over the lockdown’s start and end time, not over its intensity.
he present paper preserves Caulkins et al. (2020) modeling of intensive care capacity
nds it by allowing for multiple lockdowns with different intensities and lengths. We also










































Journal Pre-proofme less compliant with restrictions, so this “memory of lockdowns” affects the efficienc
lockdown. Furthermore, we assume that adjusting the lockdown is costly. In particular,
for an asymmetry in the costs of strengthening and weakening the lockdown.
he analysis also contributes to the celebrated history of papers exploring Skiba thresho
Grass et al. (2008), Sethi (2019)). In particular, we find triple Skiba points in a finite t
zon problem, and even multiple triple Skiba points for specific parameter constellatio
g bifurcation analyses comparable to those found in Grass (2012) and Kiseleva and Wage
0, 2015). The first triple Skiba point was found when solving the two-state intensity splitt
uction/inventory model in Steindl and Feichtinger (2004). Zeiler et al. (2011) is anot
ple where a solution with a triple Skiba point occurs. However, both of these pap
ider infinite time horizon models, whereas in our framework the time horizon is finite.
sense the model of Caulkins et al. (2015) is more related, but there just Skiba point
usual sense, i.e. separating “only” two different solutions with equal objective value, occ
e proceed by introducing the model. Section 3 presents the numerical results for the b
parameters and provides an in-depth discussion of the implications of triple Skiba poi
ection 4 the results are discussed and Section 5 concludes.
he Model
Lockdowns
lockdown reduces interaction among people by closing down businesses and restrict
l interaction (e.g., preventing families from visiting loved ones in nursing homes).
ot distinguish between business-related and non-business restrictions and so effectiv
me that they move together. If the rate of infection and other factors point to severe [m
ictions on business, then one would expect greater [lesser] restrictions on personal so
actions as well.
e define γ(t) to be the actual number of people working as a proportion of those w
ld normally be working, so apart from COVID-19 we would have γ(t) = 1. As soon as
down starts, γ(t) will drop below 1, which hurts the economy, but reduces social interacti
hence, the rate of new infections, in a manner described below.
ote that γ(t) is modeled as a state variable, not a control, for three reasons. First, outs
command-and-control state-run economy, policy makers do not get to choose directly







































Journal Pre-prooftime to reestablish connections (e.g., because some suppliers may have gone bankrupt)
d even require some sort of fiscal stimulus to “prime the pump” in the Keynesian sens
term. We allow these costs to be asymmetric; it may well be easier to shut down indust
to restart them.
hird, the final value of γ(t) at the model’s terminal time T (when a vaccine renders lo
ns moot) enters into the salvage value function. The reason is that if two solutions rack
tical costs over the time period (0, T ) but one reaches time T with its economy intact (
) is close to 1) and the other reaches time T in the midst of a deep recession (γ(T ) w
w 1), then the first solution should be preferred. This salvage function reflects the hang-o
t of economic damage that extends beyond the period when the infection’s dynamics
ant. If γ(t) and, hence, γ(T ), were a control variable, then the optimal solution wo
ys choose to discontinuously jump γ(t) to 1 at time T to magically make the long-run co
e lockdown-induced economic dislocation disappear.
ence, we let the change in the employment ratio u(t) be a control variable that has adju
t costs, and add a state equation
γ̇(t) = u(t), γ(0) = 1,
h reflects a pre-COVID situation with γ(0) = 1.
e include a state constraint that
γ(t) ≤ 1, 0 ≤ t ≤ T,
e an economy having more than 100% employment makes no sense.
Lockdown fatigue
eople are not robots, and the effectiveness of policies restricting activities depends
, on the public’s level of cooperation with public health protocols. A country could rest
urants to take-out service, but if the kitchen workers refuse to wear masks, wash ha
uently, or maintain social distancing during break times then some of the potential bene
not be realized.
ur sense is that in many jurisdictions the public’s tolerance for restrictions begins to w
more restrictive is the lockdown, and the longer it lasts. So the lockdown’s effect on v
smission depends not only on the instantaneous value of γ(t), but also on some accumula





































Journal Pre-proofk dynamic that is driven by the rate of COVID-induced unemployment. Since γ(t) measu
proportion who are employed, 1− γ(t) is the proportion who are unemployed. Hence,
ż(t) = κ1 (1− γ(t))− κ2z(t).
re κ1 governs the rate of accumulation of fatigue and κ2 measures its rate of exponen
y. Note that if the worst imaginable lockdown (γ(t) = 0) lasted forever then z would g
s maximum possible value of zmax = κ1/κ2.
Epidemic dynamics
he foundation of our epidemic model is the standard SIR or Susceptible-Infected-Recove
cture. In it, new infections are proportional to the number of susceptible people, the prop
of people they meet who are infectious, and a proportionality factor β(t), which encompa
the number of interactions and the likelihood that an interaction produces an infect
bers of interactions can be reduced by shutting down business and by adaptations on
umer side; e.g., only going to the grocery store once every two weeks instead of every we
likelihood of infection given an interaction is affected by things like mask wearing, h
ing, and remaining at least two meters apart during an interaction.
he function β(z(t), γ(t)) should be convex in γ(t) because the first businesses that
d are the ones whose activities generate the most infections per unit of employment
omic value. E.g., a society could be expected to first forbid concerts and other large pu
erings, then socializing in bars and dine-in restaurants, and then, if the need is gr
gh, to shut down manufacturing, construction, and other non-essential workplaces that
involve direct interaction with the public.
β := β(γ(t), z(t)), βγ > 0, βγγ ≥ 0, βz > 0, β(1, 0) = β̄,
re β̄ stands for the rate of social interaction in pre-COVID times.
n the absence of lockdown fatigue, we might model β as some minimum level of infect
β1 that is produced just by essential activities (providing healthcare, food, and emerge
ices) plus an increment β2 that is proportional to γ(t) raised to an exponent θ that is grea
one to achieve the convexity.
e model the dependence of β on z(t) and γ(t) as follows:














































Journal Pre-proofhis expression can be interpreted as follows. The term
κ2
κ1
z(t) is the lockdown fati
essed as a percentage of its maximum possible value. So if f = 1 and z(t) reached
imum value, then all of the potential benefits of locking down and pushing γ(t) below
ld be negated. In reality, the lockdown fatigue will not reach its maximum and we cho
latively small value of f = 0.45, so this attenuation by lockdown fatigue generally
mewhat modest force in the analysis below. Nonetheless, we believe it is important
owledge this human dimension of how a population responds to extended lockdowns.
State dynamics
he state dynamics can then be written as
Ṡ(t) = νN(t)− β(γ(t))S(t)I(t)
N(t)




− (α+ µ+ µI)I(t) (
Ṙ(t) = αI(t)− µR(t)− ϕR(t) (
γ̇(t) = u(t), γ(0) = 1 (
ż(t) = κ1(1− γ(t))− κ2z(t), z(0) = 0 (
γ(t) ≤ 1, 0 ≤ t ≤ T (








re N(t) = S(t) + I(t) +R(t) is the total population.
ote: We write these equations with greater generality than we need or use in this pap
articular, these equations allow for births at rate ν, deaths from COVID-19 at rate
deaths from other causes at rate µ but we set those three parameters to zero because
ID-19 epidemic is playing out over a time horizon that is short enough that births
hs are not greatly affecting the total population.
hat means deaths play a prominent role in the objective function, but not in the st
tions. That may seem odd, but it is a reasonable and expedient modeling approximat
ID-deaths are a central reason why the pandemic is a crisis; they cannot be ignored
e objective function, deaths are modeled as a realistic and hence somewhat complica
tion of the infection rate. Including those deaths in the state equation would considera
plicate the model, and to little avail. Even though COVID-19 is a horrible pandemic,







































Journal Pre-proofrated among older people who are retired and past the age of having children. So omitt
hs from the state equations is a small discrepancy compared to other approximations
rtainties in the model.
he equations also allow a backflow of recovered individuals back into the susceptible st
rate ϕ. How long acquired immunity lasts varies by disease. Immunity to smallpox
thought to be relatively brief (3-5 years), but is now understood to be longer. Immunity
specific cold rhinovirus is prolonged, but there are so many rhinoviruses that we can k
ing colds year after year. How long immunity will last with SARS-CoV-2 virus is not kno
is time, but immunity to other corona viruses often lasts 3-5 years, so we set ϕ to 0.001
in our base case, which corresponds to a mean duration of immunity of 1000/365 = 2
s. Note: This parameter does influence the character of the optimal solutions, suggest
figuring out ways of estimating it rapidly for new pandemics could be important for effec
y making.
Objective function
he other essential part of an optimal control model is the objective. Optimally respond
OVID-19 requires juggling three to five key considerations, depending on whether one lum
conomic considerations together or breaks them out.
f course the primary consideration is health which we model as in an earlier paper,
lkins et al. (2020). Deaths dominate health costs because the duration of sickness is
ely short compared with diseases such as cancer, let alone dementia. A contribution
lkins et al. (2020) that we also include here is making the risk of death for an infec
vidual depend on the population-prevalence because the healthcare system can beco
ped. In particular, if the number of infected individuals I(t) times the probability t
nfected person needs critical care p is less than the healthcare system’s capacity (Hm
the death rate has one value (ξ1); otherwise, for those who cannot receive critical c
ts bumped up by an additional increment (ξ2). Implementing that literally would requ
nction with a discontinuous derivative, but as Caulkins et al. (2020) explain, it is poss
nd a continuously differentiable function which very closely approximates it. Hence,
th care cost component of the objective function is:














































, ζ  1.
label “max” with a subscript s is meant to denote a smoothed version of the maxim
tion.
wo of the economic costs are the same as in Caulkins et al. (2020). The first is
ction in economic activity up until time T , when a vaccine is widely deployed. Econo
ity is modeled with a standard Cobb-Douglas function but capital is assumed to be fi
use the time horizon is short. So output is proportional to the number of workers L
s the proportion who are working γ(t) raised to an exponent σ that is less than one (
ur base case parameter set). Infected individuals are assumed to be too sick to wo
(t) = S(t) + R(t). Without loss of generality capital K is set equal to 1, meaning
s of the objective function are a day’s economic output at full employment pre-COV
economic loss to be minimized is the difference between what production would have b
ugh time T in the absence of COVID-19 (TKL(0)σγ(0)σ) – which sits outside the integ
time since it is a constant – minus the equivalent term with L(t) and γ(t) varying o
due to COVID-19.
he second that is the same as in Caulkins et al. (2020) is the residual loss in econo
ity after the vaccine is deployed, because it takes time for full employment to be restor
is the difference between economic output at time T versus time 0 multiplied by a const
presenting the restoration time. For example, if residual unemployment declined linea
ero over two years, then Γ would be one year (or 365 days) taking into account that o
e two years, on average residual unemployment equals half of the amount of unemploym
ime T . We use that as our base case parameter value, but note that it does not impl
r recovery; any shape of recovery that integrated out to the equivalent of one year wo
quivalent.
he third economic term is the cost of adjusting employment γ(t). This is not the cos
le being unemployed but rather the cost of opening or closing businesses, such as los
shable inventory upon shut down and start-up costs when re-opening. As is customary,
e these quadratic in the control u(t) and allow for them to be asymmetric with differ































2 u(t) ≤ 0
cr(z(t) + 1)u(t)
2 u(t) > 0
ing all of these objective function elements together with the state dynamics, the result
mal control model will be the following:
V (X0, u(·)) :=
∫ T
0
(Vl(L(t), γ(t))− Vh(I(t), γ(t))− Vu(u(t), γ(t))) dt
− TKL(0)σγ(0)σ − Γ (KL(0)σγ(0)σ −KL(T )σγ(T )σ)
(
V ∗(X0) := max
u(·)
V (X0, u(·)) (
X(t) := (S(t), I(t), R(t), γ(t), z(t)), L(t) := S(t) +R(t), N(t) := S(t) + I(t) +R(t
(
. Ṡ(t) = νN(t)− β(γ(t))S(t)I(t)
N(t)




− (α+ µ+ µI)I(t) (
Ṙ(t) = αI(t)− µR(t)− ϕR(t) (
γ̇(t) = u(t), γ(0) = 1 (
ż(t) = κ1(1− γ(t))− κ2z(t), z(0) = 0 (
γ(t) ≤ 1, 0 ≤ t ≤ T







Vl(L(t), γ(t)) := Kγ(t)
σL(t)σ (






2 u(t) ≤ 0
cr(z(t) + 1)u(t)































Journal Pre-proofhe Hamiltonian1 is
H(X,u,Λ) = Vl(L, γ)− Vh(I, γ)− Vu(u, γ) + Λ′Ẋ, (











− (α+ µ+ µI)I
)
+ Λ3 (αI − µR− ϕR)
+ Λ4u+ Λ5 (κ1(1− γ)− κ2z)
(
Λ := (Λ1,Λ2,Λ3,Λ4,Λ5) denoting the costate variables. We use the indirect adjoin
oach for the pure state constraint (2i), see Hartl et al. (1995). Therefore, we define
angian
L(X,u,Λ, ψ) := H(X,u,Λ) + ψu. (







2clu+ Λ4 u ≤ 0








2cl u ≤ 0
2crz u > 0
(















z(t) > 0 the second order derivative is strictly positive and the Hamiltonian is regular.
= 0 we find from the state dynamics (1e) that these properties only hold true if γ(t) =
to the initial condition z(0) = 0, it holds that z(t) = 0 can only be satisfied for t ∈ [0,
some Ts ≥ 0, which necessarily implies γ(t) = 1, t ∈ [0, Ts] and either T = Ts or γ(t)
s < t < Ts + ε with some ε > 0. Therefore, in order to have z(t) = 0 for t ∈ [0, Ts], it
old that u(t) = 0. Thus, the control value is unique and hence, the control u(·) continuo





























L(X,u,Λ, ψ) := ∂
∂u




(X∗(·), u∗(·)) be an optimal solution. Let τi, i = 1, . . . n be connecting times 0 < τ1 < . .
T and Is, Ie and Ix three pairwise disjoint sets with Is ∪ Ie ∪ Ix = {1, . . . , n}. These
defined as




< 0 τj − ε < t < τj
= 0 t = τj
> 0 τj < t < τj + ε




= 1 τj ≤ t < τj + ε
< 1 τj − ε < t < τj




= 1 τj − ε < t ≤ τj
< 1 τj < t < τj + ε.
set Is contains the switching times for the control from being strictly positive to stri
tive. Ie is the set of entry times and Ix the set of exit times for the state constraint.
hen there exists a costate Λ(·) being continuously differentiable for t ∈ (τi, τi+1),
. n with τ0 := 0 and τn+1 := T . The Lagrangian multiplier ψ(·) is piecewise continuou
rentiable. For each i ∈ Ie there exists χi ∈ R. In each interval (τi, τi+1), i = 0, . . . n
ates Λ(·) satisfy the adjoint ODEs
Λ̇(t) = − ∂
∂X
H(X∗(t), u∗(t),Λ(t)), t ∈ (τi, τi+1), i = 0, . . . n.
he connecting times for the state, costates and Lagrangian multiplier it holds that
X(τ−i ) = X(τ
+
i ), i = 1, . . . , n (
Λ(τ−j ) = Λ(τ
+
j ), j ∈ Is ∪ Ix (
Λ1,2,3,5(τ
−
j ) = Λ1,2,3,5(τ
+
j ), j ∈ Ie (
Λ4(τ
−
j ) = Λ4(τ
+




































Journal Pre-proofχj ≥ 0, j ∈ Ie. (
Lagrangian multiplier ψ(·) satisfies the complementary slackness condition
ψ(t)(1− γ(t)) = 0 (
ψ(t) ≥ 0, τj ≤ t ≤ τj+1, j ∈ Ie or j + 1 ∈ Ix (
ψ(τ+j ) = χj , j ∈ Ie. (
itionally ψ̇(·) has to satisfy
ψ̇(t) ≤ 0, τj ≤ t ≤ τj+1, j ∈ Ie or j + 1 ∈ Ix.
γ(T ) < 1 the costates satisfy the transversality conditions
Λ(T ) = −K ∂
∂X
L(T )σγ(T )σ
for γ(T ) = 1 the costate Λ4 has to satisfy
Λ4(T ) = −K
∂
∂γ
L(T )σγ(T )σ + χT (
χT ≥ 0.
e the state space and control region are bounded, the conditions for the Fillipov-Ce
ence theorem hold, (see e.g. Seierstad and Sydsæter, 1987). But no sufficiency condit
antees the uniqueness of the optimal solution and in fact it is one of the features of this mo
multiple optimal solutions occur. In Appendix B the numerical approach is explained
il that allows us to detect these solutions. In the sequel we refer to these solutions
imal’ since they are locally optimal and the numerical approach attempts to systematic
ider all other candidate solutions, but there are in fact no sufficiency conditions or for
f. So, we use the word ’optimal’ to mean superior to any other solutions detected via
ematic search. The challenge of formally establishing optimality in non-convex dyna
mization problems is considerable, and the particular challenges posed by SIR epide











































Journal Pre-proofable 1 shows the base case parameter values. Most have been discussed already, but a
it more explanation, with additional details available in Caulkins et al. (2020).
e set α equal to 115 per day, corresponding to an average dwell time in the infected st
fteen days.
ince the average length of stay in hospital is shorter for regular vs. critical care patie
t the proportion of hospitalized COVID-19 patients requiring critical care is greater t
proportion of all hospital beds are critical care beds, the constraint will be on crit
beds, not total hospital beds. So we make them the basis for Hmax. Tsai et al. (20
ate that in the U.S., 58,166 of the existing 84,750 ICU beds could be made available
ting COVID-19 patients. Given the U.S. population is about 330 million, that is 0.
1,000 people. The model acts as if patients who need critical care at some point n
care throughout their 15-day dwell time in the I state, but CDC data suggest that
age time in hospital for those needing critical care is actually only about 12 days. So
max = 0.0002, which is approximately equal to (15/12) ∗ 176 per 1,000.
here is not truly consensus about any of the key parameters, but the two for which
st range of values seem plausible are the probability an infected individual needs crit
, p, and the social cost of a death, M .
ased on early CDC guidance and the literature generally, our sense was that the proba
f needing hospitalization given a detected infection was around 15%, about 30% of th
ring the hospital required critical care beds, and about 45% of those needing critical c
even if they received that care.
1 is the death rate per day for infected people who need critical care and receive it. If
h rate for such individuals over an entire infection is 45% and the average dwell time in
te is 15 days, then the death rate per day is ξ1 = α45%, or about 3%.
2 is the additional, incremental death rate per day for infected people who need crit
but do not receive it. If the death rate for such individuals over an entire infection is 10
the average dwell time in the I state is 15 days, then the incremental death rate per da
α(1− 45%), or about 3.67%.
t one point it appeared that about half of all infections were detected, implying that
ability of needing a critical care bed given infection, p, might be about 50%×15%×30%
%. We take that as our base case value.










































Journal Pre-proofons why lower values may be preferred for analysis of COVID-19 in particular. For exam
r values would apply if one focused on years-of-life-lost, since most deaths are among
rly, especially those with other pre-existing conditions. E.g., Richardson et al. (2020) rep
the vast majority of those hospitalized for COVID-19 had prior serious comorbidities s
ypertension, obesity, and diabetes, to the extent that their estimated 10-year survival r
nt COVID-19 was only 53%. So we consider a range from 10× to 150×GDP per capita
e set σ = 23 . The term K(γL)
2/3 measures GDP per day - K is the constant that
me to capture everything except labor. Therefore, 365K(γL)2/3 equals the nation’s G
hout loss of generality we set K = 1 and consider a wide range of values for M to study
ion between the values of lost work and lost lives.
esults
Results with base case parameters
or the base case parameters in Table 1 three qualitatively different lockdown strategies
ptimal depending on the value of M , which denotes the value of preventing a death due
ID-19. Typical trajectories for γ, the level of employment, are shown in Panels (a)–(c
re 1.
egime I applies for smaller values of M ; it has only one relatively brief lockdown early
ampen the intensity of the epidemic (Panel (a)). In Regime II, for intermediate values of
optimal to have two separate lockdowns, one early and one later, shortly before the vacc
widely deployed (Panel (b)). In Regime III, with larger values of M , there is just
down, but it is sustained (Panel (c)). In this case, that effectively drives the epidemic do
inimal levels for an extended time. We call these the “short lockdown”, “double lockdow
“sustained” strategies; they correspond to Regimes I, II, and III in Figure 2, respectiv
lower three panels show the time evolution of two key components of the objective funct
th costs from premature deaths and economic costs from unemployment. Both are inver
how them as costs (so large values are bad). Economic costs are relatively small with
t lockdown (Panel (g)), but it is the health costs that are massive. So the problem wo
ar to those living through it to be primarily a health crisis.
kipping over to the far right, Panel (i) shows that with a sustained lockdown, econo
s are very large (a 40% or greater loss of output for more than one year), and the hea














reciprocal of average duration of the infection
β1 0 minimum level of infection risk
β2 0.2 increment in the level of infection risk
Hmax 2× 10−4 capacity of intensive care units
p 2.25× 10−2 probability that infected person needs critical care
M ∗ social cost of a premature death due to COVID-19
K 1 coefficient on economic activity
Γ 365 reflects time required to return to full employment
f 0.45 impact of lockdown fatigue on infection risk
κ1 0.15 rate of accumulation of fatigue
κ2 0.2 rate of exponential decay of fatigue
σ 23 labor elasticity in Cobb-Douglas production function
ν 0 birth rate
µ 0 death rate (not caused by COVID-19)
µI 0 COVID-19 death rate
ζ 5000 parameter in the approximation of the max-function
ξ1 0.03 death rate of infected individual in critial care
ξ2 0.55/15 incremental death rate if IC capacity is exceeded
ϕ 0.001 rate by which recovered get susceptible again
cl 1000 parameter in business shutting down costs
cr 5000 parameter in business reopening costs
θ 2 exponent in the proportionality function β(t)
S(0) 0.999 initial susceptible population
L(0) 0.001 initial infected population
R(0) 0.001 initial recovered population
γ(0) 1 initial employment level
z(0) 0 initial lockdown fatigue
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(g) Regime I


















































re 1: Panels (a), (b) and (c) show solution paths for each of the three regimes which differ with respec
ize of the social cost of a death M . On the blue part of the solution paths the value of the control
tive, on the green part it is positive and on the red part it is zero with the constraint γ ≤ 1 being ac
ls (d), (e) and (f) show the number of infected and denote the ICU capacity as a horizontal line. Panels








through COVID times under that strategy would experience it as an acute health crisis that
trigg
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Journal Pre-proofer a sustained economic slump.
ith the particular double lockdown illustrated in Panel (e) there is only one (early) sp
fection and health costs; that is, the second lockdown is timed to preempt a resurgenc
tions, not as a response to it. So in this model, a double lockdown can be optimal,
these parameters it would not look like lockdowns reinstated in Europe in Fall of 20
h were imposed grudgingly, only after infection rates had become quite high.
here are also notable differences in the duration of the costs. With a short lockdown,
reaches excruciating levels but is largely over within months. Conversely, the sustai
down imposes sustained (economic) pain, more or less right up to the time that a vacc
idely deployed.












∗ I II III
re 2: Dependence of the value function on the social cost of a death M for the base case parameters give
e 1. There are three regimes which differ by the duration, intensity, and number of lockdowns of the opt
ions. For the value of M highlighted by a solid vertical black line (M = 1.7888× 104) two different solu
s are optimal. At the dashed vertical black line the transition from region I to region II is continuous
ptimal solution is unique.
aturally, as Figure 2 shows, the value function is decreasing in M ; the more costly a dea
less well the social planner can do. The slope is initially steep because with only a b











































Journal Pre-prooflockdowns, implying that the total number who become infected is rather large for t
tegy as well. Only when M becomes large and it is optimal to sustain a strong lockdo
the dependence of V on M become less steep.
he solid vertical line in Figure 2 passing through the kink in V (M) is a point at which
rent strategies perform equally well; their lockdown intensities and corresponding hea
economic costs are illustrated in Figure 3. When M = 1.7888 × 104 the solid and das
ctories perform equally well overall even though they represent very different policies. T
line is a double lockdown strategy that is very similar to the double lockdown strategy
re 1b; the dashed line shows a sustained and aggressive lockdown that suffers unemploym
nd 40% for more than a year but greatly reduces infections and deaths.
100 200 300 400 500 600 700
t
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re 3: Optimal time paths for the Skiba solutions highlighted by the vertical black line in Figure 2. Pane
s the proportion of employed people. Panel (b) and (c) show the health and economic costs.
uch points at which there are alternate optimal strategies are Skiba points (for an ex
ition see Definition 1 in Appendix B). From the same initial point, two different opti
ctories emerge.
igure 3 shows the trajectory of the health (Panel (b)) and economic costs (Panel (c))
ical challenge of implementing the double lockdown strategy would be extremely inte
th costs early on; literally, there would be people dying in the streets. Also Panel (c) sh
under this optimal double lockdown, there would be a significant second wave of econo
s (bump in Panel (c)) without a corresponding bump up in infection. That is, the sec
down should be implemented before there is a second wave of infection in order to prev
second wave. By contrast, what has been observed in reality in many countries is sec










































Journal Pre-proofsee or experience that which has successfully been prevented. So people living thro
second lockdown might be highly critical of the government imposing that second rou
onomic hardship, seemingly without cause.
here are also two conspicuous political challenges with the sustained lockdown strate
t, there are still many infections and deaths, so the public would suffer severe econo
ship and also see large numbers of infections and deaths. Second, there would be signific
down fatigue, as indicated in Figure 4.
n particular, Figure 4 shows additional consequences of following those two very differ
tegies that are both optimal when M = 1.7888× 104. The double lockdown strategy (s
starts with a modest initial lockdown; that flattens the infection curve only modera
ive to the no-control scenario shown by the faint gray line). Relative to no control
epidemic’s peak, the number who are infected at one time is about 25 percent lower,
would still completely swamp hospital’s treatment capacity. That is, not only does t
tegy allow many people to become infected, it lets many of them get infected at the sa
, so many who need critical care cannot receive it, increasing the number of deaths.
uite a few people still become infected with the sustained lockdown strategy, as can
in the dashed lines by the decline in the number of susceptibles (Panel (b)) and incre
e number of recovered individuals (Panel (d)), but the infections are spread out more o
.
t is interesting to contrast the two strategies’ variation over time in the epidemic’s effec
oductive number (Reff), meaning the raw reproductive number modified by both the con
vention and also the accumulation of people in the Recovered state. The sustained lockdo
tegy keeps this parameter value Reff close to 1 throughout most of the time horizon, thro
mbination of economic shutdown and the roughly 30 percent reduction in the numbe
eptibles produced by the initial wave of infections. In particular, because θ is 2, shutt
n 40 percent of the economy would reduce the reproductive rate to (1 − 0.4)2 or ab
third of its original value of 3.0, but because of lockdown fatigue, the decline is only t
less than half. However, since the number of susceptibles is also about 30 percent low
leaves Reff quite close to 1.0 because 3.0 ∗ (1− 0.3)/2 is close to one.
ith the double lockdown strategy, the infection rate never really stabilizes. Initially
well below 1.0 primarily because of depletion of the stock of susceptibles, i.e., through h
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re 4: Time paths for the Skiba solutions at M = 1.7888 × 104. Panel (a) depicts the control gover
own intensity. Panel (b) shows the number of susceptibles, Panel (c) the number of infected (above
orizontal line hospital capacity is exceeded), Panel (d) the number of recovered patients. In Panel (e)
ive reproduction number can be seen and in Panel (f) the perceived lockdown intensity z. The gray









































Journal Pre-proofe of infections is preempted, first by the second lockdown and then by the arrival of
ine (i.e., the end of the planning horizon of this problem).
he sustained lockdown strategy also allows the effective reproductive rate to increase
re the vaccine is distributed. At that point the number of infections is so low, that eve
th or two of spread does not push the absolute number of infections up very high.
ote that strategies involving a change in policy a month or two before the vaccine is wid
oyed are not unrealistic. Although it is not possible to predict when a vaccine will
nted or approved, there is a lag between that and its mass production and widespr
oyment. The production and distribution stages are reasonably well-understood, so th
tion is fairly predictable. That means a strategy that calls for a change 30 or 60 days be
vaccine has been fully deployed is feasible.
he speed of the epidemic’s spread requires this hovering of Reff near 1.0 for any “interi
tion with a substantial pool of susceptibles. The time from infection to the end of infectio
is short; about two weeks. So within a 52-week year, that reproductive rate can effectiv
aised to the 26th power. If it is anything other than about 1, that will cause the numbe
ted individuals to vary rapidly. Regime I strategies dispense with that stability, with
ging from 3 to one-third over just three months, before rebounding to well above 1.
ne of the unique aspects of this model is its treatment of lockdown fatigue, meaning t
time a sustained lockdown loses its effectiveness as people become less compliant. Figu
s how increasing or reducing the lockdown fatigue parameter from its base case valu
0.45 alters the threshold value of preventing a COVID-19 death that is necessary to m
ained lockdowns optimal. The upward slope of the line separating Region III from
r Regions shows that the weaker the lockdown fatigue effect, the more appealing sustai
downs become. In particular, eliminating the lockdown fatigue effect (setting f = 0) alm
es the threshold valuation in a death at which sustained lockdowns become optimal.
Triple Skiba points
he previous discussion focused on sensitivity analysis with respect to the social cost
ature death (parameter M), because there is not agreement as to the value of that para
. Here we continue to vary M but also allow the virus’ speed of spread, or infectivity
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re 5: This figure shows the different regions in the M−f space. The first region corresponds to optimal s
without a lockdown. The green and orange lines denote continuous transitions from region “no lockdo
nd region I to II. The blue curve is a Skiba curve, where the transition from region II to III is discontinu











































Journal Pre-proofed lockdowns. However, modeling lockdown fatigue is not necessary to obtain interest
viors. To underscore that fact, in this section we set the fatigue parameter f equal to
igure 6 is a bifurcation diagram over the two parameters M and β2. The Regions labe
and II correspond to solutions with 0, 1, or 2 lockdowns, and Region III corresponds
deep and sustained lockdown. The interleaving of the regions is much more complica
in Figure 5.
o connect the two figures, note that the bottom of Figure 5 (when f = 0) correspond
0.2 in Figure 6. With increasing M the solutions involve zero, one brief, or one sustai
down with transition points around M = 5,000 and 12,000, respectively.
or a more complex case, consider, for example, what happens with β2 = 0.256. As
eases and one moves from left to right across the figure, one traverses successively thro
ns with one lockdown, then two, then one, then two again, and finally one long, sustai
down. That can happen because of the distinction between early lockdowns that address
al explosive situation when nearly everyone is susceptible and late lockdowns that prev
urgence. In particular, Figure 7 shows that this sequence can be described in greater de
(1) One early lockdown to soften slightly that initial severe spike, (2) Adding a seco
lockdown to address resurgence, (3) Expanding the later lockdown but forgoing the ini
down, (4) Having both a forceful later lockdown and also an early lockdown, and fin
wo separate lockdowns are replaced by one continuous and substantial lockdown. The
tegy is the only one that prevents a goodly share of the population from becoming infec
me point.
here are conventional Skiba points throughout Figure 6, everywhere the curves are b
ddition, there are four triple Skiba points (labelled T1–T4) where there are three disti
mal solutions that produce the same objective function value.
hree of the triple Skiba points involve β2 parameter values that are even greater t
t is believed to describe COVID-19. Since COVID-19 has not such an unusually h
oductive rate, those are perhaps mostly of mathematical interest in the present conte
first separates solutions involving one or two brief or one sustained lockdown. The sec
third involve varying numbers of brief lockdowns, either early or late, but no sustai
down. Note: The segment of blue line separating two areas both labeled Region II indica











































e show the control trajectories for the last triple Skiba, T4, because it occurs where β2 =
h seems more likely to be seen in some future pandemic. As Figure 6 Panel (b) shows,
e optimal solutions emanating from that point involve one sustained lockdown, but t
in their intensity. The mildest lasts a little over a year and peaks at about 10 perc
d unemployment (meaning γ = 0.9). The other two last for almost the entire time hori
peak with closer to 20 percent forced unemployment. None involve cutting γ nearly
ply as in the solutions discussed above because with a smaller β2 = 0.1 the lockdown d
need to be as severe in order to push the reproductive rate down to 1.0.
his points to a quite interesting observation. When the virus is more virulent (higher
is less not more likely to want to pursue what amounts to “eradication” strategies beca
eving that would require lockdowns that are too severe to sustain until a vaccine arri
ained lockdowns are more appealing for less virulent pandemics when they involve lay
or 10 percent of workers, not 40 or 50 percent. Lockdowns are just too blunt a too
ent a highly contagious condition from spreading throughout the population, at least if
tion fatality rate (IFR) is akin to that of COVID-19. (A higher IFR is effectively the sa
higher cost per death M in this model.)






























(b) M = 7959, β2 = 0.0971
re 6: Bifurcation diagram in the M–β2 space, for f = 0 (Panel (a)). The blue curves show the Skiba cu
the dots denote the triple Skiba points (red), continuous transition of solutions (green) and boundarie
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(a) 0 ≤M ≤ 1616














(b) 1616 ≤M ≤ 2171














(c) 2171 ≤M ≤ 7528
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(d) 7528 ≤M ≤ 11514










(e) 11514 ≤M ≤ ∞
re 7: Showing the different transitions of the regimes for β2 = 0.256 (a highly contagious epidemic) in te










































Journal Pre-prooferhaps the most basic conclusion of this analysis is that very different strategies for respo
to the COVID-19 pandemic can be optimal with the same set of parameter values. Ex
lity of performance is a knife-edge case, occurring only exactly at the Skiba point. H
, there are neighborhoods around the Skiba points where alternate, very different strate
orm nearly as well.
second basic conclusion is that even when only a single strategy is optimal, which spec
tegy wins can change quickly when certain parameters values vary over a relatively limi
e. This is perhaps best illustrated with respect to M , the parameter standing for the c
he social planner per premature death. There is a long literature discussing what is
opriate value to use for that parameter in social welfare analysis. There is some comm
erstanding as to the order of magnitude, but considerable debate as to the particular va
t is not surprising inasmuch as it is not an empirical constant akin to the atomic mass of
ent so much as an expression of values, and different people can have different values ab
they wish to trade-off life and health with economic outcomes (such as unemployment)
iness more generally (including freedom of association).
he literature suggests values for M ranging between 10 and 150 times annual GDP
ta, which translates to 3,650 up to 54,750 since we denominate the objective function
s of GDP per day. Figure 5 shows that for our base case value of parameter f = 0
nding for a modest degree of lockdown fatigue), varying parameter M much less than t
ed only by a factor of 4 (from slightly below 5,000 up to 20,000), carries one all the w
ss the bifurcation diagram. When M is a bit smaller than 500, one is in Regime 0 wh
optimal to more or less let the epidemic run its course. When M is a bit larger t
0, it is optimal to have one lockdown. A second (also relatively brief) lockdown is ad
n M reaches about 16,000. And by the time M reaches 20,000, it is optimal to h
sustained lockdown that involves a very substantial loss of employment, but also a v
tantial reduction in infection and death.
third observation is simply that strategies involving two lockdowns can be optimal.
ber of jurisdictions that locked down and then opened up are now having to reinstit
ictions. For example, Israel was once in the top five highest in the world for new infecti
capita. It drove that all the way down to below 0.2 per 100,000 per day and so appeared
largely eliminated infections, but had bounced back up into the top 5 as of late summ








































Journal Pre-proofent protests. But the model shows that the mere presence of a second lockdown is no
of itself proof of error. A double lockdown can be an optimal strategy. That said, mos
second lockdowns that appear in optimal solutions to this model preempt a resurgence,
e after it.
fourth observation concerns the Skiba points. Skiba points separate distinct opti
tion trajectories that spread out from a common initial condition. In a one-state probl
e would generally be one strategy that moves left and another that moves right from t
mon initial condition. Yet when plotted in state space, particularly with respect to
h stands for the rate of employment still permitted despite the lockdown, the alterna
ctories here do not appear to be so sharply resolved. With respect to several of the tr
a points observed here, all three optimal strategies start with a lockdown that drives do
lbeit with varying intensities. And in Figure 6b, in particular, the three strategies se
o be in the interior and on a continuum. Implicitly, if two trajectories are both optim
all strategies that are “in between” must be worse. So for every point in time t betw
hly days 100 an 550, we have the following odd situation in Figure 6b. A moderate amo
nemployment is ideal. A little more is bad. Still more brings one back to ideal. Yet m
d again. But still more is back to being ideal. Not only is social welfare not a monoto
tion of unemployment, at most times t, it is a triple-peaked function.
t is worth reflecting on how peculiar this is. Imagine there were seven identical count
all started at the same point, and we stopped them at some time t in the middle of
emic and rank ordered them from “best” to “worst” in terms of amounts of unemploym
ing done that, every second country on that rank-ordered list could be following an opti
y (meaning countries #2, #4, and #6 are optimal), while every other country is not on
mal trajectory, even though all started in exactly the same place.
n a way, this is not altogether surprising. We have multiple state variables, so projecti
a single dimension can be deceiving, and the objective function is a highly nonlin
tion of the state variables. On the other hand, all of that nonlinearity arises naturally fr
odeling of the problem; this is not an artificial model constructed just to produce curi










































Journal Pre-proofn sum, this relatively simple model produces a wide range of interesting behaviors t
interpretable in terms of the policy context. There are, as always, abundant opportuni
urther work and refining the model. Among its limitations at present, we mention a
are salient. One is not modeling a control for testing and contact tracing. It may be t
the number of infections has been driven down sufficiently low, that aggressive testing
ing could keep the number of infections from rebounding even if everyone went back to wo
t would open up a strategy that locks down very aggressively and for a moderately l
, but does not need to sustain the lockdown all but up to the point at which the vacc
mes widely deployed. That approach would enjoy the best of both worlds – but only a
oderately long period of economic pain.
nother extension would recognize that there are different geographic regions with at le
e degree of movement between regions. When the two regions are out of synch in te
eir epidemics, then that movement might trigger a resurgence in a low prevalence reg
migrants from a high prevalence region. That possibility has led to very widespread bor
res and restrictions on freedom of movement that would have been unimaginable as recen
id 2019, and the likes of which have not been seen since the fall of the Soviet Union
ld be tremendously valuable to determine whether all those border closures are truly need
nother class of important extensions would recognize heterogeneity along at least
ensions. One is age. Simply put, the infection fatality rate is much, much higher
r people, and for those with certain preexisting medical conditions, than it is for yo
thy people. So the tradeoff between economic loss and health harm involves a very la
ibutional issue. It is working age people who become unemployed and (for the most pa
ees who reap the majority of the health benefits of that loss of income.
here is also important heterogeneity across people in terms of how active they are soci
n the jargon of HIV/AIDS models, how many risky acts they pursue. Some people
rally socially isolated even before quarantine; others are social butterflies who frequ
or places with much circulation of people and little recirculation of the air. Because
hastic selectivity, high-rate transmitters will be disproportionately over-represented am
e who get infected and recover early. That means the effective amount of herd immunity
reater than is reflected in this model, which treats all people as homogenous with resp
e number of risky contacts they have per unit time.




































Journal Pre-proofonly complex value tradeoffs, but also complex state dynamics that provide ample fod
nteresting modeling. Since COVID-19 is unlikely to be the last important pandemic
lifetimes, that suggests there may be considerable value in analyzing models now that
ired by COVID-19, but which do not slavishly model it exactly. Instead, there is valu
racting somewhat to capture the general tensions and considerations that such pandem
te. That way we can not only deal more effectively with the current crisis, but also
er prepared to respond to the next one.
Properties of the function β(γ, z)
e choose β1 and β2 such that β1 +β2 = β̄, where β̄ is the contact rate of the “uncontroll
emics and 0 ≤ f ≤ 1, θ ≥ 1.









β(1, z) = β1 + β2 = β̄ (A.
β(γ, z) > β1 + γ
θβ2, for z > 0, 0 ≤ γ < 1 (A
β(γ, 0) = β1 + γ
θβ2 (A.
β(γ, z) < β̄, γ < 1 (A
∂
∂γ







> 0, γ > 0 (A
∂
∂z
β(γ, z) = β2f
κ2
κ1
(1− γθ) > 0, γ < 1 (A.




, for all t with z(0) = 0.
Numerical algorithm
ince the necessary conditions of problem (2) are not sufficient, the computed soluti
satisfy these conditions are just candidates for optimality. Ascertaining that one of th
tually optimal would require a strategy that both enumerates and considers all poss
idates. Hence, the challenge of the numerical procedure described here is the detection
ossible candidates such that the optimal solution can be determined among these can


































Journal Pre-proofcted during the numerical calculations.
efore we give a detailed explanation of the numerical procedure we have to introduce so
tion. The state and costate variables are denoted as3






e refer to the state or costate values only we write
YX := X or YΛ := Λ.
canonical system is given by
Ẏ (t) = C(Y (t)), t ∈ [0, T ],
the salvage value is abbreviated as S(X).
et a solution path Y (·) consist of n arcs defined on the intervals τ0 := 0 < τ1 < . .
< τn := T , where τi, i = 1, . . . , n− 1, are called switching times.4 This yields a multipo
for the n arcs
Ẏ (i)(t) = C(i)(Y (i)(t)), t ∈ [τi−1, τi], i = 1, . . . , n (B.
BC(Y (τ0), . . . , Y (τi), . . . , Y (τn)). (B.
the actual computation, the switching times τi, i = 1, . . . n − 1 have to be handled
parameter values. In this way, the ODEs are transformed to the fixed time inter
1 < . . . < n − 1 < n. Therefore, BVP (B.1) is transformed into a BVP on fixed t
vals5
Ẏ (i)(s) = ∆(i)C(i)(Y (i)(s)), s ∈ [i− 1, i], i = 1, . . . , n (B.
BC(Y (0), . . . , Y (i), . . . , Y (n)). (B.
t = υ(i)(s) := τi−1 + (τi − τi−1)(s− i+ 1), s ∈ [i− 1, i], i = 1, . . . , n
ote that we use a slightly different notation in this section for the state vector X.
ue to structural changes of the solution this condition has to be relaxed since switching times can coinc
e changes are detected by our algorithm and handled accordingly, i.e. the BVP will be reformulated to fo
ew solution structure.































υ(i)(s) = τi − τi−1.
(τi−1, τi), i = 1, . . . , n, be a specific interval. Then we note that this arc corresponds to




u(t) < 0, γ(t) < 1
u(t) > 0, γ(t) < 1
u(t) = 0, γ(t) = 1
.
istinguish between these cases we define a function arcid
arcid : {1, . . . , n} → {0, 1, 2}, arcid(i) ∈ {0, 1, 2}.
function assigns to each arc its specific type, i.e. negative control, positive control or ac
e constraint. This is necessary since each of these cases yields a different relation betw
ates and control. Moreover, the boundary conditions depend on the specific types and
cture of the arcs, as is explained in the next paragraphs.
n Table B.2 we formulate all possible and admissible boundary conditions for the sw
een two arcs. Essentially, these conditions say that the state, most costate variables
Hamiltonian are continuous at switching times. Only the fourth costate jumps if the st
traint becomes active on the second arc. The extent of the jump is χ. Obviously,
e constraint becoming active means that at the end of arc γ = 1. In Table B.3 the poss
sversality conditions are stated. We formulate these conditions for the time transform
s, i.e. on the fixed time intervals with n ≥ 1. For a compact notation in Table B.2 the t
ment j ∈ {1, . . . , n− 1} is omitted in all expressions and H(l) := H(l)(Y (l)(j)), l = j, j+


















Λ + χη H(j) = H(j+1) γ(j) = 1
Table B.2: Boundary conditions for the possible switches from arc j to j + 1 with η := (0, 0, 0,−1, 0)′.
he admissibility conditions that a solution has to satisfy are summarized in Table B.4
or the actual computations we use a numerical continuation approach, see. e.g. Allgo














































S(X(n)(n))− χη γ(n)(n) = 1
Table B.3: Transversality conditions for the different possible cases.
arcid(j) u(s) γ(s) ψ(s) ψ̇(s) χ
0 < 0 < 1 - - -
1 > 0 < 1 - - -
2 - - ≥ 0 ≤ 0 ≥ 0
e B.4: Conditions that are monitored during the continuation process for every arc Y (j)(·), j = 1, . . . , n
i, i = 0, . . . , n.
ific data we compute a family of solutions Y (·, ω) satisfying the BVP
Ẏ (i)(s, ω) = ∆(i)(ω)C(i)(Y (i)(s, ω), ω), s ∈ [i− 1, i], i = 1, . . . , n (B.
BC(Y (0, ω), . . . , Y (i, ω), . . . , Y (k, ω)), i = 1, . . . , n. (B.
continuation parameter ω ∈ R.
ne of the strengths of the continuation approach is its feature that the switching struct
vealed during the continuation process so that no prior information about this structur
ed. This is realized by checking the admissibility of the solution. If one of the conditi
able B.4 is violated, the step width of the continuation process is reduced until a mini
size is reached. Then the continuation process stops and the BVP (B.3) is changed
r the new solution structure revealed from the type of violation. The numerical algorit
plemented in the MATLAB toolbox OCMat6, see also Grass et al. (2008).
. How to find these solution
n this section we present the procedure for finding such a solution for the base case
eter values, specified in Table 1 with M = 10000, time horizon T = 730 and initial val
= (0.999, 0.001, 0, 1, 0). Whatever numerical approach we apply, we have to resolve







































Journal Pre-prooffy the necessary optimality conditions need not be optimal. The continuation appro
s us to develop a branch of solutions and therefore reveal the structural changes in
se of the parameter change.
o start the continuation we have to provide an initial solution. To do so we choose
horizon T as continuation parameter, i.e. T (ω) := ω and start with ω = 0. In the fi
nce we set γ0 = 0.5 in order to avoid numerical difficulties with the state constraint.
trivial problem, i.e. Y (·) ≡ (X0,Λ0) the costate values satisfy Λ(·) ≡ Λ0 and can there
erived from the transversality condition Eq. (5j)
Λ0 = (153.3415, 0, 153.3415, 306.3764, 0)
′.
implies that the corresponding u(·) ≡ u0 > 0, see Eq. (3f) and hence the solution p
ts with arcid(1) = 1. Summing up we get that the initial BVP is represented by
Ẏ (1)(s) = T (ω)C(1)(Y (1)(s)), s ∈ [0, 1] (B.
Y
(1)









(B.4) is regular for ω = 0, since the linearization reduces to the non-singular Jacob
e ODEs. Hence, a continuation process can be started guaranteeing for some ε > 0
ence of a solution branch (Y (·, ω), ω) with 0 ≤ ω < ε and T (0) = 0.
he calculations show that the continuation process is successful until T (ω) = 11.08
n the state γ(T (ω)) hits the upper bound γ(T (ω)) ≤ 1. This means that BVP (B.4) d
describe an admissible solution for T > 11.0882 and we have to change the BVP tak
of the new solution structure.
or T > 11.0882 essentially there are two different possibilities. First, the solution p
ists of two arcs, i = 1, 2 with arcid(1) = 1 and arcid(2) = 2, meaning that there ex
τ1 < T (ω), such that for t ≥ τ1 the state constraint is binding. Second, the solut
behaves such that the state constraint becomes binding exactly at the endtime T (ω).
case the solution consists of one arc and the transversality conditions have to be chang
igures B.8a and B.8b.
e note that the control value at T (ω) = 11.0882 is larger than zero, cf. Figure B.8b. Si





























Journal Pre-proofhit the state constraint at the end-time.





S(X(1)) + χη (B.
χ ≥ 0, η := (0, 0, 0,−1, 0)′,
γ(1) = 1. (B.
ortantly, the last admissible solution of BVP (B.4) for T = 11.0882 is a solution of BVP (B
transversality conditions (B.5) with χ = 0.
tarting the continuation process of the end-time with this solution, it turns out that
tion type is admissible until T = 730 is reached.7 Thus we finally computed a solution
end-time T = 730 and the initial condition with γ(0) = 0.5, see Figures B.8c and B.8d.
o determine the solution with γ(0) = 1 we employ the continuation process with γ(0)
continuation parameter. The calculations show that for γ(0) = 0.5388 the initial con
mes zero, see Figures B.8e and B.8f. Therefore, a new BVP has to be formulated, wh
solution path consists of two arcs i = 1, 2 such that arcid(1) = 0 and arcid(2) = 1. Th
e omit that in the interval T = (162.4571, 248.4864) the solution path consists of two arcs, where the
as arcid(1) = 0, i.e. the control is negative. Anyhow, for T > 373.4438 this arc vanishes and the solu
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(a) T = 11.0882














(b) T = 11.0882









(c) T = 730














(d) T = 730
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(e) γ(0) = 0.5388















(f) γ(0) = 0.5388









(g) γ(0) = 1












(h) γ(0) = 1
re B.8: This figure shows the different phases for the state path γ(·) and control path u(·) of the continua
respect to T (in (a)–(d)) and the continuation with respect to the initial state of γ (in (e)–(h)). The
nuation with respect to T stops, when the state γ(T ) hits the state constraint, see (a) exhibiting a pos
ol value, see (b). The continuation process ends at T = 730, see (c)–(d). For the continuation with res
e initial γ value the control hits zero at γ(0) = 0.5227, see (f) and the BVP has to be adapted accordin






































Journal Pre-proofẎ (1)(t) = τ1C(1)(Y (1)(t)) (B.
Ẏ (2)(t) = (720− τ1)C(2)(Y (2)(t)) (B.





S(X(2)) + χ (B.
Y (1)(1) = Y (2)(1) (B
H(Y (1)(1)) = H(Y (2)(1)) (B
γ(2) = 1 (B.
arcid(1) = 0, arcid(2) = 1. (B.
(B.6) consists of two arcs that are connected at the free parameter τ1 and state γ
state constraint at the final time T = 730. Since the state constraint does not beco
ing at the switching time τ1, the states and costates are continuous, yielding Eq. (B.
eover, the Hamiltonian is continuous, yielding the boundary condition Eq. (B.6f). T
tion is needed for the free switching time τ1. The other boundary conditions are those fr
previous BVP (B.4) with transversality conditions (B.5).
o start the continuation process with BVP (B.6) we have to transform the last admiss
tion of the previous continuation. Let Y
(1)
0 (s), 0 ≤ s ≤ 1 be this last admissible solut









0 (0) 0 ≤ s ≤ 1
Y
(1)
0 (s) 1 ≤ s ≤ 2.
path trivially satisfies BVP (B.6) for τ1 = 0. The continuation process finally yields
issible solution for γ(0) = 1, see Figures B.8g and B.8h.
e demonstrated that after a few continuation steps we were able to determine an adm
path satisfying the necessary optimality conditions starting from the trivial case T =
ever, so far there is no assurance that this calculated path is the optimal solution.
o seek such assurance we use the same procedure and apply the continuation process w
ect to the parameter M . We omit the numerical details, which are analogous to the p
sly described steps, in the sense that we check admissibility of the computed solution
orm necessary adaptations of the BVP to the changing solution structure if a violat
rs. Continuing with respect to M we find a solution branch that consists of several s







































Journal Pre-proofr,8 where the continuation process changes its direction. Thus, the solution branch in
s at several M values. One of these intersection points corresponds to a Skiba point,
nition 1, depicted by the black vertical line in Figure B.9; other intersection points can
uded as being optimal (gray vertical lines). Moreover, it is revealed that the solution fou
he process depicted in Figures B.8g to B.8h is not optimal (gray dot). The solution t
ld appear to be optimal is found by the M -continuation (black dot), cf. Figure B.9.
nition 1 (k-tuple Skiba point). A point (X0, p0) ∈ Rn × Rp (state-parameter-space9




‖(X∗i (t, p0)−X∗j (t, p0), u∗i (t, p0)− u∗j (t, p0))‖2 dt > 0, i 6= j (B.
V (X0, ui(·), p0) = V (X0, uj(·), p0) = V ∗(X0, p0), i = 1, . . . , k. (B.
= 2 the point is simply called a Skiba point and if k = 3 this point is called a triple Sk
t. The k solutions are called Skiba solutions.
similar definition can be found in Caulkins et al. (2015), where Skiba points are analy
ee endtime problems.
ark 1. Condition (B.7a) states that the solutions have to be essentially different. Fr
ition (B.7b) the optimality of the k different solutions follows. Note that for infinite t
zon problems, where Skiba points are usually described, condition (B.7a) is formulated
condition that the solutions converge to different limit-sets (equilibria).
or the calculation of a k-tuple Skiba point and its solutions let Yi(·), i = 1, . . . , k
k paths. Note that here the index i does not refer to a specific arc of the path bu
to distinguish different solution paths. Each of these paths may consist of multiple a
t these bifurcations, also called fold bifurcations, the tangent on the solution curve becomes “vertical”
hange of the solution with respect to the continuation parameter becomes zero, see e.g. Kielhöfer (2012
sually Skiba points are defined in the state space. In our model the initial states are fixed and the S
appears in the parameter space. Therefore, we slightly generalize the definition of a Skiba point.
sion to a parameter dependent notation is straight forward, e.g. if p0 is the parameter value V (X0, u







































Journal Pre-proofẎi(s) = ∆iC(Yi(s)), s ∈ [0, ni], i = 1, . . . , k (B.
re ∆i denotes the time transformation. Each solution has to satisfy the boundary conditi
BCi(Yi(0), . . . , Yi(ni)) = 0. (B.
isting of initial, transversality, and switching conditions. Condition (B.7b) implies that
wing additional boundary conditions have to be satisfied
V (Yl(0)) = V (Ym(0)), l 6= m, 1 ≤ l,m ≤ k, (B
re V (Yi(0)) is the objective value of the solution Yi(·).10
his yields k − 1 additional conditions. Therefore, k − 1 model parameters have to be u
ee parameter values. The formulation as a BVP allows the application of the continuat
oach and hence e.g. the continuation of Skiba points, yielding branches of Skiba curve
parameter space, cf. Figure 6a.
ark 2. For the continuation of a regular11 k-tuple Skiba point the model has to includ
k parameter values. Given regularity in a 1D bifurcation diagram, where solution branc
computed for one free parameter value, at most (double) Skiba points can appear, see F
B.9. For a 2D bifurcation diagram, where solution branches of Skiba solutions are compu
ost a triple Skiba point can appear at the intersection of these branches, see Figure 6a.
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re B.9: This figure illustrates the result of the continuation process of extremal solutions with respec
t shows the objective value evaluated at each solution of the continuation process. The sequence of co
tuates the different segments, where each segment of the branch correspond to a different BVP, due
ge in the solution structure. Same colors do not necessarily corresponds to the same solution struct
ng the continuation process four turning points occur. Therefore, the curve representing the objective v
sects several times. At two of these intersection points (solid black and dashed gray line) the objective v
ual. The intersection point at the solid black line is a Skiba point and the intersection point at the da
line can be excluded to be optimal. The gray dot denotes the initially calculated solution, which turned
non optimal. The black dot corresponds to the solution found during the continuation process with res
.













(a) T = 11.0882









(b) T = 11.0882
re B.10: This figure shows the time paths for the lockdown intensity (γ(·)) and number of infected (I
e extremal solution that has been found by the time and initial state continuation process, shown in
.8 (dashed lines) and for the solution (solid lines) found by the continuation with respect to parameter
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